Massive photons and Dirac monopoles: electric condensate and magnetic confinement 
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We use the Julia- Toulouse approach (JTA) for condensation of charges and defects to argue 
that massive photons can coexist consistently with Dirac monopoles. The Proca theory is here 
obtained via JTA as a hydrodynamic effective theory describing an electric condensate and the 
mass of the vector boson is responsible for generating a Meissner effect which confines the magnetic 
defects in pairs of monopoles-antimonopoles connected by physical open magnetic vortices instead 
of unphysical Dirac branes. The issue of the charge quantization is intrinsically related to the 
construction of the so-called Dirac brane invariants, which correspond to the physical confining 
magnetic flux tubes. 
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I. INTRODUCTION 

In his seminal work l], Dirac established a theory 
of magnetic monopoles interacting with massless vector 
bosons, from which emerged a possible explanation for 
the electric charge quantization observed in Nature: the 
mere existence of a monopole would imply in the quan- 
tization of the electric charge in multiples of the inverse 
of the magnetic charge, what is based on the consistency 
condition for the unphysical magnetic Dirac string to re- 
main unobservable at the quantum level. Since then, the 
physics involving Dirac monopoles was proved to be use- 
ful also to investigate other physical scenarios pi [l?], H3| ■ 

Our objective in this work is to discuss how to gen- 
eralize the Dirac's prescription for the introduction of 
monopoles when the vector bosons are massive, what we 
hope shall help to clarify some misunderstandings found 
in the literature, like the claims that Dirac monopoles 
and massive photons cannot coexist, that the unphysical 
Dirac strings would become observable and that, con- 
sequently, it would be impossible to consistently derive 
the Dirac charge quantization condition when the vector 
bosons are massive |6j. 

One of the main points involved in this issue regards 
the fact that the Dirac theory of monopoles was indeed 
developed in the context of massless vector bosons and 
its extension to the case of massive photons is not imme- 
diate. Another key point refers to the very general obser- 
vation that a massive photon generates a Meissner effect, 
which confines magnetic probe sources. Aside with these 
observations, one must also keep in mind that being un- 
physical artifacts of a particular formalism, there are no 
physical processes that could turn the Dirac strings (or 
more generally, Dirac branes) into observables: this point 
is in fact a consistency condition that must be always 
satisfied in order to the formalism be consistent. These 
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basic observations can be gathered together through the 
use of the so-called Julia- Toulouse approach (JTA) for 
condensation of charges and defects @,H, [H, 0, G3] • 

The JTA is originally [3, |3| a prescription used to con- 
struct a low energy effective theory describing a sys- 
tem with condensed charges or defects, having previ- 
ous knowledge of the model that describes the system 
in the regime with diluted charges or defects and also of 
the symmetries expected for the regime with condensed 
charges or defects. Based mainly on 0, IS] .and taking 
also into account the ideas developed in [4, 5] regarding 
the formulation of ensembles of charges and defects, we 
introduced in 0,13 a generalization of the JTA, whose 
main feature is a careful treatment of a local symmetry 
called as Dirac brane symmetry, which is independent of 
the usual gauge symmetry [f|, and consists in the free- 
dom of deforming the unphysical Dirac strings without 
any observable consequences. By convention, we keep 
calling this generalized prescription simply as the JTA. 

In the present work we shall follow a very general 
strategy to obtain a consistent formulation of the Proca 
theory in the presence of external monopoles: we be- 
gin with the Maxwell theory in the presence of exter- 
nal magnetic defects (following the original Dirac's pre- 
scription) and diluted electric charges. We then apply 
the JTA to derive the Proca theory in the regime where 
these electric charges condense, getting the correct def- 
inition of the massive electrodynamics in the presence 
of Dirac monopoles. Through this process, we shall see 
that due to the Dirac's veto the Dirac branes are ef- 
fectively removed from the formalism in the electric con- 
densed regime, giving place to physical open magnetic 
vortices with a pair of monopole-antimonopole in their 
ends. These open vortices are brane invariants corre- 
sponding to the confining magnetic flux tubes and the 
Dirac charge quantization condition is obtained in the 
construction of such invariants. In particular, since the 
magnetic probe sources are confined in these theories, it is 
impossible to introduce isolated magnetic defects into the 
massive electrodynamics, the only possibility being the 
introduction of mesonic pairs of monopole-antimonopole 
(as far as we know, this conclusion was firstly explicitly 
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pointed out in Q). However, contrary to the usual claim 
found in the literature 1,0,113 (which is also stated in 
[T|j for a system in (2 + l)-dimensions), the monopoles 
with opposite magnetic charges in these pairs are not 
connected by Dirac branes, but instead, they are con- 
nected by physical confining magnetic flux tubes and we 
show in a clear way how these structures emerge in the 
formalism by taking the Dirac brane symmetry carefully 
into account. 



II. MASSIVE ELECTRODYNAMICS AND 
DIRAC MONOPOLES 



We are going to work in (3 + l)-dimensional Minkowski 
spacetime and make use of natural units of c = h = 1. 

The partition function of the Maxwell theory in 
the presence of diluted eletric charges and magnetic 
monopoles is given by: 



the dual representation: 



Z d [Juh] = f VA lC xp\i f 

JG.F. I JR 1 ' 3 



A * (dAi — g * X2) — eAi A *Ji]} , 



(1) 



where J\ = <5£ 2 is the topological electric current which 
localizes the world-line of the electric charge e, the phys- 
ical boundary of the world-surface of the electric Dirac 
string (electric brane) localized by the Chern-Kernel £ 2 
and j\ = 8\2 is the topological magnetic current which 
localizes the world-line of the magnetic charge g, the 
physical boundary of the world-surface of the magnetic 
Dirac string (magnetic brane) localized by the Chern- 
Kernel X2- The acronym "G.F." stands for some "gauge 
fixing" procedure that must be used at some stage of the 
calculations. 

As discussed in FT! /, the magnetic Dirac brane sym- 
metry corresponds to the invariance of (QJ) under defor- 
mations of the magnetic Dirac branes that keep fixed its 
physical boundaries corresponding to the monopole cur- 
rents and also satisfies the Dirac's veto [Til /, which 
prohibits the magnetic Dirac branes of crossing the elec- 
tric world-lines. This local symmetry implies in the Dirac 
charge quantization condition eg = 2nn, n 6 Z, 

as a consistency condition for the unobservability of the 
unphysical Dirac branes. 

Let us work with the electromagnetic dual of ((T|) . For 
this, we make use of the master representation of (H}: 



Zd[Ji,h 



VA{DG 2 exp <^ i 



G.F. 



1 



-G 2 A *G 2 + 



-G 2 A *(dA 1 - g * X2) - eA 1 A *J X ]} , (2) 



from which we can return to the original representation 
([1]) after integrating out the auxiliary field G 2 . Instead of 
this, we integrate out the gauge field A\ in @, obtaining 



Z d [Ji,ji] = J VG 2 8[d*G 2 +e* Ji] 



exp < 1 



-G 2 A *G 2 - gG 2 A X2 



T>C\ exp < i 



G.F. 



--{dC x -e*£ 2 ) 



A * (dCi - e * S 2 ) + gCi A *ji]} . 



(3) 



where the dual gauge field C\ has emerged by solving the 
functional constraint d * G 2 = — e * J\. The dual repre- 
sentation §3§ is physically equivalent to the original rep- 
resentation ([1]), but here the couplings are inverted: the 
dual gauge field couples minimally to the monopole cur- 
rents and non-minimally to the electric charges. Hence, 
from the point of view of the dual gauge field, the elec- 
tric Dirac branes are seen as defects, being C\ and dC\ 
singular over these branes. Notice, however, that the 
non-minimal coupling (dC\ — e * E 2 ), which represents 
the physical electromagnetic fields, is regular everywhere, 
since the singularityof dC\ is exactly canceled out by the 
singular term *E 2 |5l.[20j. 

At this point we are ready to apply the JTA to study 
the effects of a electric charge condensation in this sys- 
tem. The condensation of electric charges is represented 
here by a proliferation of the electric world-lines, which 
implies in a proliferation of the electric Dirac branes from 
which these world-lines are boundaries. Due to the pro- 
liferation of the electric Dirac branes, the dual gauge field 
is not defined in almost the whole space and its degrees 
of freedom are not adequate to describe the system in the 
electric condensed regime. However, the non-minimal 
coupling remains regular everywhere. The JTA in this 
picture consists in taking the non-minimal coupling as 
a new field describing the low energy excitations of the 
electric condensate: 



(dd 



e * 



mH 2 



(4) 



where m is a phenomenological mass scale associated to 
the electric condensate. Notice that the prescription ^ 
effectively promotes a dynamical term for the massless 1- 
form gauge field C\ describing the system in the diluted 
regime to a mass term for the 2-form Kalb-Ramond field 
H 2 describing the system in the condensed regime: this 
rank-jumping of the field describing the excitations of the 
theory and the associated mass gap generation constitute 
a signature of the condensation of defects in the picture 
where the condensing currents are non-minimally coupled 
to the gauge field describing the theory in the diluted 
regime B SGI [II El- 

For a consistent implementation of the prescription (U) 
into ([3]), such that we can obtain the partition function 
for the electric condensed regime in the dual picture, we 
must apply ^ also to the minimal coupling appearing 
in ([3]). For this, we must explicit the structure of the 
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non-minimal coupling inside the minimal coupling term: 
g G\ A *ji = g I C\ A * * d(*\2 — d* A3) 



dCi A (*X2 - d * A 3 ) 

(dCi - e * S 2 ) A (*\2 —d* A3), 

(5) 



where in the first line we made explicit the Dirac brane 
ambiguity involved in the definition of the monopole cur- 
rents and in the passage to the last line we added two 
intersection numbers that do not contribute in the Boltz- 
mann factor due to the Dirac charge quantization condi- 
tion (hence, this last equality only holds inside the par- 
tition function). Applying the prescription (@| into ([3]), 
we get: 

g C\ A *ji c ^4' mg / H 2 A *L 2 , (6) 



(7) 



where we defined the magnetic brane invariant: 



*L 2 



*X2 



*X2 



d * As 



where Q 2 — SX3 is the topological magnetic vortex den- 
sity, which is identically conserved due to the nilpotency 
of the codifferential: 5fl 2 — 0. These internal magnetic 
closed vortices describe regions of the space where the 
electric condensate has not been established. Notice also 
from ([5]) that without the Dirac charge quantization con- 
dition it would be impossible to obtain © and ([7]) in 
the electric condensed regime: the charge quantization 
is, thus, a necessary condition for a consistent formula- 
tion of the system in the electric condensed regime, being 
intrinsically related to the construction of the magnetic 
brane invariants. 

Adding to the Boltzmann factor of the partition func- 
tion a dynamical term for the field describing the elec- 
tric condensate, which must respect the relevant physical 
symmetries of the system (in this case, Lorentz and C, P 
and T), besides giving the dominant contribution at low 
energies, we obtain for the electric condensed regime the 
following partition function in the dual picture: 



z Si] = J VH2exp { l J R1 



{*A 3 } 



1 



-dH 2 A *dH 2 - 



-—^-H 2 A *H 2 + mgH 2 A *L 2 



(8) 



is impossible to realize a complete electric condensation 
and the best the Meissner effect can do is to dilute com- 
pletely the closed magnetic vortices disconnected from 
the magnetic Dirac strings. The vortices connected to the 
monopoles, however, cannot be undone by the Meissner 
effect: in fact, although the magnetic fields generated by 
the monopoles are expelled from almost the whole space 
constituted by the electric condensate, these fields cannot 
simply vanish and they become confined in magnetic flux 
tubes corresponding to open magnetic vortices with pairs 
of monopole-antimonopole in their ends. These physi- 
cal open magnetic vortices emerge in the formalism here 
presented due to the way the magnetic Dirac brane sym- 
metry is realized in the electric condensed regime: as 
we stated before, this local symmetry corresponds to the 
freedom of deforming the magnetic Dirac branes through 
the space not occupied by the electric world-lines. In the 
electric condensed regime these world-lines proliferated 
such that they established a continuum corresponding to 
the electric condensate and thus, due to the Dirac's veto, 
the only place allowed for the magnetic Dirac strings 
is inside the closed magnetic vortices connected to the 
monopoles. In such a setup, which can be read off from 
(|7|) with non-trivial (in regions where *X2 = and 
*Vl 2 = d * A3 ^ we have from ([7]) the closed magnetic 
vortices disconnected from the monopoles), the flux in- 
side the magnetic Dirac strings cancels out part of the 
flux inside the closed vortices, leaving only the magnetic 
open vortices with a pair of monopole-antimonopole in 
their ends. These open vortices are the physical con- 
fining magnetic flux tubes that emerge naturally in the 
formalism here presented due to a careful account of the 
Dirac brane symmetry. 



Before deriving the effective interaction potential for 
the external probe monopoles, let us obtain the electro- 
magnetic dual of ([8]). For this, we make use of the master 
representation of the partition function ([5J : 



z c[ji}= Y) I VH 2 V{*G 3 )exp\i f 



~G 3 A *G 3 + 



-G 3 A *dH 2 2~^ 2 ^ *^ 2 + m V^' 2 A 



(9) 



where the ensemble of internal defects {*Aa} represents 
the contribution of the magnetic vortices in the system. 
This constitutes a generalization of the effective action 
obtained in [§}, which does not take the ensemble of 
magnetic vortices into account. Notice that this ensem- 
ble is the crucial point that makes our approach consis- 
tent: indeed, in the presence of external monopoles it 



from which we can return to ([8]) by integrating out the 
auxiliary field G3. Instead of this, we integrate out the 
Kalb-Ramond field H 2 obtaining the dual representation 
of the partition function (|5J| describing the electric con- 
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densed regime: 



z dji] = E / p( * G3)exp {/Xi 

{*A 3 } 



2m ; 



:(d(*G 3 )- 



m<? * L 2 ) A *(<i(*G 3 ) — mg * £2)+ 



+ -(*G 3 ) A*(*G 3 ) 



V / PAxexpiz / 



{*A 3 } 



-(eL4i - 5 * L 2 ) 



A * (gL4i - 5 * L 2 ) + — Ai A *Ai 



(10) 



where in the passage to the last line we defined *G 3 =: 
mA\. Equation (|10p defines the partition function of the 
Proca theory in the presence of external probe magnetic 
monopoles in a consistent way. If we further consider 
the limit of complete dilution of the closed magnetic vor- 
tices disconnected from the external probe monopoles, 
the partition function ([TU)) is reduced to: 



Zc\ji] = V [vAxexpU [ 



{*L 2 } 



1 



-AdAi - g*L 2 ) 



A * (dAi - g * L 2 ) + A *A\ 



(11) 



where the sum over branes is now taken over all the pos- 
sible configurations of the world-surfaces of the confining 
magnetic flux tubes [ill ]. 

The effective action present in the Boltzmann factor 
in (|11[) is very similar to the one that one should naively 
write down by applying directly to the Proca theory 
(massive electrodynamics) the original Dirac's prescrip- 
tion for the introduction of monopoles into the Maxwell 
theory (massless electrodynamics). The basic difference 
lies in the nature of the string attached to the monopoles 
and, consequently, in the issue of the charge quantization. 
In the massless electrodynamics, the string attached to 
the monopoles is an unphysical artifact used to work with 
a single gauge potential defined over the whole space, ex- 
cept at the location of the Dirac string. Being an unphys- 
ical artifact of a particular formalism, there is no physical 
process (like a condensation of charges) that could trans- 
form such unphysical string into a physical one. In fact, 
the unobservability of the Dirac string is a consistency 
condition that must be always satisfied and implies in 
the charge quantization. On the other hand, the string 
attached to the monopoles in the massive electrodynam- 
ics is physical, since its deformation costs energy: differ- 
ent shapes of the magnetic flux tubes in (fTTj) correspond 
to different energy configurations of the system. That 
the strings attached to the monopoles are physical was 
already pointed out in [5-7], but in these works the is- 
sue of the charge quantization remained a mystery, since 
it was thought that the "Dirac strings would become ob- 
servable" in the Proca theory. This is not really the case, 
as we have explained through the derivation of (TTT1) : the 



Dirac strings are effectively removed from the formal- 
ism in the electric condensed regime due to the Dirac's 
veto, having their magnetic fluxes canceled out by part of 
the fluxes inside the closed magnetic vortices connected 
to the monopoles, leaving only the physical open mag- 
netic vortices with a pair of monopole-antimonople in 
their ends. These open vortices are the physical strings 
of the massive electrodynamics and the charge quantiza- 
tion is consistently obtained in the construction of the 
brane invariants describing these magnetic confining flux 
tubes. 

Finally, let us obtain the effective interaction potential 
for the external monopoles. For this sake, we integrate 
out the field A\ in (fTTj). obtaining: 



Z c [ji] =exp\i / 



9- 1 

— 1 z 



-A + TO 2 



Ef f m 2 g 2 1 
exp U / -^~ L 2 A — — ? * L 2 

1*1^2 } 



-A + m 2 



(12) 



where we used that ji = 8\2 = 8L 2 . Considering 
a stationary external monopole-antimonopole configura- 
tion and the asymptotic time regime T — > 00, the dom- 
inant contribution in the sum over configurations of the 
magnetic flux tubes in (|12[) is given by a straight tube 
[l6|, which gives the stable configuration of minimal en- 
ergy of the system. In this limit we can take only this 
contribution into account such that the second term in 
(j 1 2(1 gives a magnetic confining potential that is linear 
in the monopole-antimonopole separation, while the first 
term gives a short-range Yukawa interaction [20]. The 
static effective interaction potential between the exter- 
nal monopoles in this limit explicitly reads [161 120| : 



Veff(R) 



g 2 e~ mR 
"4^ R 



1 2 
m g 

8tt 



In 



M 2 



R, (13) 



where R is the distance between the monopole and the 
antimonopole and M is a physical ultraviolet cutoff cor- 
responding to the inverse of the coherence length of the 
electric condensate, which gives the thickness of the mag- 
netic flux tubes. Hence, due to the magnetic confinement 
generated by the electric condensate, the introduction 
of isolated monopoles is impossible in the Proca theory, 
since this would render the energy of the system infi- 
nite (what can be seen from (fT3| by taking the limit 
R 00), the only possibility being the introduction of 
pairs of monopole-antimonopole connected by brane in- 
variants corresponding to the physical confining magnetic 
flux tubes. Besides, notice that the condensate interpre- 
tation is essential here, since the physical cutoff M, which 
avoids an ultraviolet divergence in the effective potential 
(|T3"|). is a natural finite scale of the system correspond- 
ing to the inverse of the coherence length of the electric 
condensate, which may be small but is certainly non- 
vanishing. Notice also that in the limit m — > 0, the elec- 
tric condensate is removed and the confining term of the 
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effective potential (fT3|) goes to zero, while the Yukawa 
potential reduces to the usual Coulomb potential of the 
massless electrodynamics. 

III. CONCLUDING REMARKS 

In this Letter we discussed the issue of the introduc- 
tion of Dirac monopoles into the Proca theory in (3 + 1)- 
dimensions. This model of massive photons can be in- 
duced due to a condensation of electric charges and ex- 
ternal magnetic monopoles are found to be confined in 
pairs of monopole-antimonopole connected not by un- 
physical Dirac strings, but by physical brane invariants 
corresponding to open magnetic vortices. The charge 
quantization is consistently obtained in the construction 
of these invariants. Actually, this can be seen as a general 
conclusion involving theories with massive vector bosons 
and Dirac monopoles, from which the Proca theory is a 
particular exam ple. Another example vastly discussed in 
the literature [sHlS Q HU is the Maxwell-Chern-Simons 
theory in (2 + l)-dimensions in the presence of magnetic 
instantons. Also in this system, the (topological) mass 
of the vector boson can be interpreted as being due to an 
electric condensate that breaks the P and T symmetries 
13], and the magnetic instantons are found to be con- 
fined by physical magnetic flux tubes [H], EH . Recently, 
we reached the same conclusion in the Maxwell-BF the- 
ory in (3 + l)-dimensions [l8j], what tells us that Dirac 
monopoles and massive vector bosons are not incompat- 
ible at all, but instead, the mass of the vector bosons 
can be in general interpreted as arising due to an elec- 
tric condensate, which confines external magnetic defects 



through the Meissner effect. Hence, what is really incon- 
sistent is the introduction of isolated Dirac monopoles in 
theories with massive vector bosons. 

We close our comments by stressing the important fact 
that the subtle related issues of the charge quantiza- 
tion and the reality of the brane invariants that confine 
the probe magnetic monopoles in the Proca theory have 
nothing to do with the presence or the absence of gauge 
invariance, as one can see from Q , where problems simi- 
lar to those reported in were also observed, in spite of 
the fact that in Q the Maxwell-BF theory was used to 
restore the gauge symmetry of the theory describing in- 
teracting massive photons and Dirac monopoles in (3+1)- 
dimensions. As explained here and also in [3, EH EH, 
the key point involved in the consistent formulation of 
Dirac monopoles in a theory with massive vector bosons 
regards a careful treatment of the Dirac brane symme- 
try in the passage from the regime with diluted electric 
charges to the regime with condensed electric charges, 
where the mass of the vector bosons emerges. Moreover, 
it seems essential, in order to avoid an ultraviolet diver- 
gence in the effective interaction potential between probe 
magnetic defects in these systems, that such a mass arises 
due to an electric condensate, since with this interpreta- 
tion a finite ultraviolet cutoff scale corresponding to the 
inverse of the coherence length of the condensate is nat- 
urally contemplated in the formalism. 
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